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THE BEHAVIOR OF ITERATIONS OF THE INTERSECTION 
BODY OPERATOR IN A SMALL NEIGHBORHOOD OF THE 
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Abstract. The intersection body of a ball is again a ball. So, the unit ball 
Bd C M"^ is a fixed point of the intersection body operator acting on the space 
of all star-shaped origin symmetric bodies endowed with the Banach-Mazur 
distance. We show that this fixed point is a local attractor, i.e., that the 
iterations of the intersection body operator applied to any star-shaped origin 
symmetric body sufficiently close to S^j in Banach-Mazur distance converge to 
in Banach-Mazur distance. In particular, it follows that the intersection 
body operator has no other fixed or periodic points in a small neighborhood 



1. Introduction 

The notion of an intersection body of a star body was introduced by E. Lutwak 
[Lulj : K is called the intersection body of L if the radial function of K in every 
direction is equal to the (d— l)-diniensional volume of the central hyperplane section 
of L perpendicular to this direction: 

(1.1) pKiO^^oh-iiLn^), \f^eS^-\ 

where Pk{0 ~ sup{a : e A'} is the radial function of the body K and = {x G 
R'' : (a;, £,) = 0} is the central hyperplane perpendicular to the vector ^. Using the 
formula for the volume in polar coordinates in , we derive the following analytic 
definition of an intersection body of a star body: K is the intersection body of L if 

Here TZ stands for the spherical Radon transform. We refer the reader to books 
[Ga] , [K] for more information on the definition and properties of intersection bodies 
of star bodies and their applications. 

Let us denote by XL the intersection body of a body L. Let be the set of 
all star-shaped origin symmetric bodies in R'' endowed with the Banach-Mazur 
distance 

dsAiiK, L) = \T£{b/a : 3 T e GL{d) such that aK CTLC bK}. 
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We note that T{TL) ^ \ detT\{T*)-^{IL), for all T e GL{d) (see Theorem 8.1.6 
in |Ga| ). hence the action of I on is well defined, and dBM{I{TK),I{TL)) = 
dBM{TK,IL). 

The action of T on §2 is quite simple; since TL is just L rotated by 7r/2 and 
stretched 2 times, we have TL = i in §2, so every point of §2 is a fixed point of T. 
Let Bd be the unit Euclidean ball. We have 

Pi[B,){£.) = yo\d-i{Bd n = voU-iiBd-i). 

Thus, Bd is a fixed point of I in S^. 

Question: Do there exist any other fixed or periodic points of I in S^; d>3? 

In this paper we show that there are no such points in a small neighborhood of 
the ball Bd- This will immediately follow from the following 

Theorem. 

ITn T ^d , 7-> 
L — > Bd as TO —> 00, 

for all L sufficiently close to Bd in the Banach-Mazur distance. 

More information on this and analogous questions can be found in Chapter 8 of 
[Ga] (see Problems 8.6 and 8.7 page 337 and note 8.6 on page 341) and |Lu2) . |GZ) . 

We also note that a similar question for projection bodies (see |Ga| . [K] ) is much 
better understood. It is quite easy to observe that the projection body of a cube 
is again (a dilation of) a cube. W. Weil (see |W]) described the polytopes that 
are stable under the projection body operation. Still the general question of the 
description of all fixed points remains open. 

Notation: For a convex body K C K.'', consider the following two quantities: 
d^{K) = inf{||l - ptkWoo ■■ T G GL{d)}, 
d2{K) = inf{||l - pTKh ■■ T e GL{d)}. 
Note that in the small neighborhood of Bd, the quantity doo{K) is comparable with 
log dBM{K, Bd). 

In this paper, we will denote by |u| the Euclidean norm of a vector it S R'^. We 
will denote by C, c constants depending on d (dimension) only, which may change 
from line to line. 

2. Plan of the proof of the Theorem. 

To avoid writing irrelevant normalization constants in formulae, from now on, 
we shall denote by Ti. the normalized Radon transform on S^^~^ that differs from 
the usual one by the factor — ^'^ ^ ^' doesn't change anything 
because homotheties have already been factored out in the definition of Sd- 

Our main tool in the proof of Theorem [T] is spherical harmonics. We refer the 
reader to |Gr| for more information and definitions. We denote by Hk the space of 
spherical harmonics of degree k. We shall denote by h[ the projection of / to Tik, 
so 

fe>0 

The following formula for the Radon transform of a spherical harmonic Hk (z Hk 
of even order k is especially useful for our calculations (see Lemma 3.4.7 in |Gr)): 

(2.1) nHk^{-lf'^Vd,kHk, 
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where 

^ 1-3 (fc-1) ^ 

(d-l)(d+l)...(d + fc-3) 
Let if e §d be close to Bd- Our main goal is to show the following two things: 

(1) I'^K is smooth for all large m. 

(2) If K is sufficiently smooth and close to Bd, then d2{IK) < \d2{K) with 
some A < 1. 

The first claim will follow from the smoothing properties of 7?.. Since / : S'^^^ — > 
R is C™-smooth essentially if the norms of h[ decay as fc"™ and since TZf ^ 
J2 {^^)'^^'^Vd,kH[ , we conclude that the order of smoothness of TZf exceeds the 

k>0 

order of smoothness of / by roughly speaking d — 2 > 1. 

Raising / to the power d — 1 does not change its smoothness class but can 
drastically increase the norm of / in that class, so we shall need some accurate 
computation to show that the smoothing effect still prevails if / is close to constant. 

To prove the second claim, we write px = 1 + where cp is an even function 
with small i°°-norm and Jg„-i f = 0- Then 

PiK = 1 + (rf - + n 0{ip^). 

The main idea is to try to show that \\{d — 1)TZ(p\\l2 < X\\ip\\]^2 with some A < 
1. Since Wif^L^ = O(||(^||l~||(^||l0, and ||7^|U2^i2 < 1, we get \\nO{ip^)\\L2 < 
CMl^Ml2. Thus, 

< ^—^WvWl^, provided that II I < — 

so the last term won't give us any trouble. 

Note that (fi ^ J2 ^21 and the terms are orthogonal. If all the products 

i>i 

''^d,2i{d—i) were less than 1, our task would be trivial. Unfortunately, Vd^2{d—i) = 1 
(but Vd,2i{d — 1) < < |, for / > 1). Thus, we need to kill H2 somehow. It 
turns out that it can be done by first applying a suitable linear transformation to 
K. 

Remark 1. The proof below can be noticeably shortened in the case of convex 
bodies. Then we may use the Busemann theorem (see [Bu| or [MP] . Theorem 3.9; 
[Ga| . Theorem 8.10) to claim thatT^L is convex, for all m>l, and compare L°° 
and norms of radial functions of convex bodies directly, avoiding the smoothening 
procedure. 

3. Auxiliary Lemmata. 
For a function / : S"^^^ — > M we define its homogeneous extension / of degree 



by 



\x\ 

so if / is a smooth function on S'^~^ , then / is a smooth function on \ {0}. By 
Df and f , we mean the restrictions to the unit sphere S"^~^ of the first and the 
second differentials of /. Note that Df and f are homogeneous functions on 
\ {0} of degree —1 and —2 respectively, so the norms ||£>/||loo and ||-D^/||l°° 
do not bound the differentials Df and D^/ on the entire space W'- \ {0}. Still they 
bound them (up to a constant factor) outside any ball of positive radius centered 
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at the origin, which is enough to transfer to the sphere all usual estimates coining 
from the second order Taylor formula in M'^. 

Lemma 1. Suppose that f : S"^^^ M satisfies ||Z)^/||l=° < 1, ||/||l2 < e, for 
some e E (0, 1). Then ||/||loo < Ce^ and \\Df\\L'^ < Ce^ . 

Proof. Replacing / by — /, if necessary, we may assume that 

ll/IU^ = max/ = /(xo)=M>0. 

gd-l 

Since D^gf = 0, we can use the second order Taylor formula to conclude that 

f{x) > M -C\\D'^f\\L'^\x-xo\'^ > M -C\x-xo\^. 

Thus, in the baU of radius c^/M (if M is very large then this ball is just S"*^^), 
centered at xq, we have 



f{x) >M~ Cc^M > ^M, provided that c^C <^. 



Hence, 



/2>c'^(VM)'^-i=c'Af^ 



Sd-i 



if cVM < 1, or 



M2 



if cy M > 1. In both cases the first inequality follows immediately. 

The second inequality can now easily be derived from the classical Landau- 
Kolmogorov inequality (see |HLP] ) 



□ 



Let T g GL{d). We would like to define the action of T on bounded functions 
on S'^~^ in such a way that, for the radial function pk{x) = \\x\\^ of a star-shaped 
body K, the image Tpx would coincide with the radial function of T^^K. To this 
end, note that 



ix) = \\Tx\\],' = 



Tx 



\Tx\ 



\Tx\-^=PK 



K 



Tx 



\Tx\ 



.\Tx\ 

Thus for an arbitrary bounded function / : S'^^^ — > M, it is natural to put 
(3.1) Tf{x):= f{u:T{x))\Tx\-\ 

where wt : S'^^^ — > S'^^^ is given by ojt{x) = j^fj- 

Lemma 2. Let T — I + Q , where Q is self-adjoint and \\Q\\ < ^. Then 
\ujt{x) -x\< C\\Q\\ for all x £ S'^-K 

Proof. 



\ujt{x) - x\ 



< \\T- 



1 



Tx - \Tx\x < \\T-^\\ {Tx -x)- {\Tx\ - l)x 



\Tx\ 

\Tx-x\ + ||Ta:| - 1 



< 2\\T- 



\Q\\ < 



i-IIQil 



IQIl 
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□ 

4. Classes Ua 

Let a > 0. For a bounded function / on S'^~^ , define ||/||wc to be the least 
constant M such that ||/||i,oo < M and for every n > 1, there exists a polynomial p„ 
of degree n satisfying \\f — PnWh'^ < Mn"". Wc will say that f GUa if \\f\\ua < 

Fix an infinitely smooth function G on [0, +oo) such that G = 1 on [0, 1], = 
on [2, +oo), and < O < 1 everywhere. 
Consider the multiplier operator 

(4.1) Mnf = Mtf = Y.^iTi)Hl- 

fc>0 

We will use the following property: ||7U„||lp^lp < C(6) for all 1 < p < oo. This 
result is well known to experts but, for the sake of completeness, we will present a 
proof in Appendix. 

Note that Mnf is a polynomial of degree 2n. Also MnPn = Pn for all polyno- 
mials Pn of degree n. 

Suppose now that f eUa- Let g„ = Mnf ■ We have 

11/ - qn\\L- = IK/ - Pn) - Mnif - Pn)\\L^ < C\\f - Pnh^ < C\\f\\u^n-", 

and 

||gJU=o <q|/IU~ <q|/lk. 

Now wc use the polynomials to prove the following lemma describing the 
properties of the classes Ua- 

Lemma 3. 

(1) Iff,g^U^, thenfgeUa and \\fg\\u^ < C\\f\\ujg\\u^. 

(2) Let T £ GL{d) with \\T\\, \\T-^\\ < 2. Then, for every 5 > 0, f eU„, we 
have Tf e Ua-s and ||T/||w„_, < Cs\\f\\u^. 

(3) /// e Ua, then TZf e Ua+d-2 and \\1lf\\u„^,_, < C\\f\\u^. 

Proof. (1) We obviously have 

ll/5lk~ < ll/IU-ll5lU~ < ||/|kJ|5llc/„- 

Now notice that 

11/ - Mnfh^ < C||/||[/„n-" and \\g - Mngh- < C\\g\\u„n-", 

WMnfh^ <C\\f\\L^ <C\\f\\u^ 

\\Mng\\L^<C\\g\\L^<C\\g\\u^, 
and that p„ = Adnf ■ MnQ is a polynomial of degree An. Hence 
Wfg-Pnh- = \\{f-Mnf)g + Mnfig-Mng)\\L- 

< \\{f-Mn.f)\\LM\L^ + \\Mnf\\L^\\{g-Mr^g)\\L^ 

< CWfWuJgWu^n-'^. 

(2) Write f = Pn + g where pn = Mnf and H^Hl^ < C'll/||(7o«~"- We have 

(Tf) (x) = \Tx\-\f{u;T{x)) = \Tx\-'pr,{iUT{x)) + \Txr'g{u;T{x)). 

Since < < 2 on S'^~-^ and wt is a diffeomorphism of the unit sphere 

with bounded volume distortion coefficient, the L^-norm of the second term does 
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not exceed CH^Hl^ < C\\f\\ua,'n^°'- Note now that x — > |Ta;|^"'^ is a C°°-function 
and utT is a C°°-mapping on 5'*^^. Moreover, their derivatives of aU orders are 
bounded by some constants depending on the dimension and the order, but not on 
T (as long as ||T||, ||T-i|| < 2). 

We need the following approximation lemma (see for example [H], Theorem 3.3): 

Lemma 4. If m E N. h G C"''{S'^~^), then for every N, there exists a polynomial 
Pn of degree N such that \\h- Pn\\l^ < a„||/i||c™A^~"'- 

Since both the multiplication by a C°°-function and a C°° change of variable 
are bounded operators in C™, the function h{x) = \Tx\~^Pn{uJT{x)) belongs to C™ 
and ll/illc" < Cmlbnllc"- By the Bernstein inequality (see Theorem 3.2.6 in [5]), 

llPnllc" < C„M\L^n"' < < C,„||/||c/„n". 

Thus we can find a polynomial P/v of degree N = n^+^ such that 

\\h - PnWl- < C™||/lk.n"7V-™ = CnWfWu^N-rr^"'. 

Consider some S > and choose e so small that > a — S and m so large that 
ij^rn > a — 6. Then we shall get 

\\Tf - PnWl- < Cm (7V-("-*') + n-") < Cm {N-''-' + TV-ifi) 

< C™7V-("-*')||/||t/„. 

(3) Obviously, \\nf\\L^ < ||/||l=c < ||/||c/„. Let * = 1 - 6. Note that TZMnf is a 
polynomial of degree 2n and 

m- TZMnf \\h = E<'=*(^)'ii^fciii^ 

k>n 

k'>7i 

= Cn-'^^'-'^Wf^MrJWh 
< C\\f\\l^n-^^''-^+'='\ 

□ 

Lemma 5. Let (3 > a. Then for every cr > 0, there exists C ~ Ca,a.fi > such 
that WfWu^ < C||/||i^ +(7||/||i^,. 

Proof Wehave < C||/||loc as soon as C > 1. Now take n > 1. Ifn-^'^-") > 

cr, take Pn = 0. Then, 

\\f-Pn\\L- < II/IIl^ <C||/||L»n-", 

provided that C > f-" . If ti^^'^^"^ < cr, choose Pn so that 

\\f~Pn\\L^ < ||/lkn-^ = n-(^-")||/||i,,n-"<fT||/||i,,n-". 

□ 
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5. Iteration Lemma 

Lemma 6. Fix a so large that Ua C . Let L > be a constant such that 
II ■ llc^ ^ ^11 ' \\Ua- There exist Sd > and Ad < 1 with the following property. 
For every e G (0, £d) and every function f such that f = l + ip, Jip = 0, \\ip\\L^ < 
£j llv'llwc, — , there exists a linear operator T € GL{d) and a positive number 7 
such that f — jTZ{Tf)''-~^ can be written as 1 + (f where J tp ^ 0, ||^||l2 < A^e, 
ll^llu„ <L-\ 

Proof. Step 1: We show first that there exists an operator T, such that Tf = 
where ||i/;||2 < e + CeSi and ||i?2*||2 < Ce^ri. 

We shall seek T in the form T = / + Q as in Lemma [5] We have 

|T:r| = ^l + 2{Qx,x) + \\QP - 1 + iQx,x) + 0{\\Qf). 

Hence, 

\Tx\-'^l-{Qx,x) + 0{\\Qf). 
Further, since ||iy9||c2 < -^llv'llLfQ < 1, Lemmata [U [2] yield 

\ip{ujTix)) - ip{x)\ <Ce^\ujT{x) -x\ <C£^||g||. 

We also have 

Tf{x) = \Tx\-\l + ipiLOTix))) 

(5.1) = (l-(Qa;,a;) + 0(||Q||2))(l + (^(x)+0(£^||g||)) 
= 1 - {Qx,x) + p{x) + 0(||Q||e^ + ||g||2). 

Now we choose Q so that {Qx,x) — Since ||-ff|'||i2 < ||(y5||L2 < s, and H2 is 

a quadratic polynomial, we can conclude that all its coefficients do not exceed Ce 
and thereby ||Q|| = 0{e). Also, applying Lemma[T]we get ||</?||l=^ < C£~. Thus, 
by dEH), T/ = 1 + -(/), where tp ^ ip - + O (^e^^ Note now that 

so IIV-'IIl^ < e + O(e^), and that Lp — H2 has no spherical harmonics of degree 2 
in its decomposition, so ||i7^||^2 ~ O ^e"^ Also 

(5.2) llV'lk- < Ce^. 
Step 2: Now we compute {TfY^^. We have 

{Tff-^ = (1 + ^^f-^ = 1 + (d - 1)7^ + 7?, 

and yields 

||?/||l2 < C£^||V^||i2 < Ce^. 
Applying the Radon transform, we get 

n{Tff-' = i+{d-i)Ht +H'i+{d-i)nHt +{d-i)n{i^-Ht -Ht)+n{ij-H^^). 

Note that [d — l)-ffo' + -^0 ^ constant function whose value C, satisfies \C,\ < 
IIV'IIl^ < Ce. We also have 

{d-i)\\nHth-^ = \\Hth^<Csm^ 
{d-i)\\n{ij-H;} ~Ht)\\L^<Xd\mL^, 
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and 

||7^(r,-i^o^)IU. < hlU. <C£®. 

Now take 7 = (1 + C)"^ = 1 + 0{e) and put 

^ = -liJZHt + {d- 1)7^(V' - - H^) + n{rj - H^j)). 

Note that 

||^||l2 < (1 + 0{s))iXde + 0(£^)) = XdS + 0(£^) < X'^e, 

with any Ad < < 1 provided that e is small enough. Also J ip — 0, and 
-/TZ{Tff-^ = l + ip. At last 

II^IIl- < C{\\tP\\l-^ + ||r;||Loc) < C£3T3. 

Step 3: It remains to estimate Note that < 2, so applying Lemma 

[HI with S = 1/2, we get 

WTfWu ,<c^ \\{Tff-\\u , < c" ^ \\n{Tff-\\u, < C" Mu, < C" 

where (3 — a~^+d — 2>a. Now choose cr > so that C"'a < Then, by 
Lemma O 

provided that e is small enough. 

□ 

6. Smoothing 

Fix /? > a > 0. Let / = 1 + ip, ||<p||l°o < e < 1/2. Define the sequence fk 
recursively by /o = /, fk+i = T^fk^^- Using Lemma |3l we can conclude that 
fk G for sufficiently large k and ||/fc||t/^ < C{k). Also, it is easy to show by 
induction that 

Let fi ^ J fk- If £ > is sufficiently small, then |/i — 1| is small and fk = 1 + "0 
where /■(/' = and ||V''||l°= is small. Note that 

\mu,<l + ^Ji-'\\fk\\u,<c'{k), 

and, thereby, by Lemma [SJ HV'IIwq is also small (HV'llw^ is bounded by a fixed 
constant and — >■ as £ — > 0). Applying this observation to the function pK, 
we conclude that if K is sufficiently close to Bd, then, after proper normalization, 
Px^K can be written as 1 + 1^9 with Ili^Hwa as small as we want. 

7. The end of the proof 

Now we choose e so small that the smoothing part results in a body K for which 
Pk satisfies the assumptions of Lemma [HI Then pKi , where Ki — jITK satisfies 

the assumptions of Lemma [5] with A£ instead of e. Note that Ki = 2K. Applying 

Lemma |6] again, we get a body K2 = I^K such that pK2 satisfies the assumption 
of Lemma [6] with A^£ instead of e and so on. 
In particular, it means that 

Wpk^ - < A'"£ as m 00 

and \\pK,Ac^ < 2. 
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This is enough to conclude that 

dBM{Km, Bd) = d.BMi^'^K, Bd) ^0 asm oo. 

8. Appendix 

Proposition. Consider Q e C^(K). Then the operator Ai^ defined in J^Jp is 
bounded in U' , for all 1 < p < oo, i.e. 

(8.1) II>(^/IIl.(5-1) <C||/Lp(s^-1). 

The proposition is well known to the specialists but to make the paper self- 
contained, we present its proof below. 

We start the proof with some auxiliary lemmata. We assume below that the 
measure a on the sphere is normalized so that the total measure of the sphere is 
one. 

For every z G C such that \z\ < 1, define the function Pz{x, y) : S'^^^ x S"^^^ C 

by 

1 - z2 

(8.2) P^(x,y) := -— — zee, |z|<l, 

(1 + — 2z(x • y))"'^ 

where for odd d we pick the branch of an analytic function 
z^g{z) = (l + z2 -2z(x-y))''/2 

in such a way that g(M+) C K+. 

Lemma 7. For all x,y £ 3"^^^ , and \z\ < 1 

|P,(x,y)|<2.3'^(L_^) P|.|(x,y). 

Proof. For /3 G C, \/3\ = 1, we have 

\\z\-f3\ , \z-\z\\ ^ \z-\z\\ ^ |z-|z|| + ||z|-l| ^gll-^l 



|z-/3| - \z-P\ - \\z\-l\ - l-\z\ - l-\z\ 

We also have 



1 - Z 2 - l_ 



Since 



1 + z^ — 2z(x • y) = (z — a)(z — a), for a = x • y + — (x • y)^, 
we conclude 

|P,(x,y)| _ |l-z2| \i\z\-a){\z\~ar/' ^^^^,f\l-z\^d+i 



P|,|(x,y) |l~|zn |(z-a)(z-a)|'^/2 - Vl-|z 
Lemma 8. Let z e C, < Iniz < 2, and let n e N. Then, 



□ 
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Proof. Put ^ = iz/n. Then, 

|l-e«| |e«-e^^«| e^^^Imfl |/m£| \Imf\ 



l-e« - l-e««« - l-e««? e-^'^^-l- \Re^\ 



|i?e^| Imz 
Now by Lemma [71 

^ /ll _ e*^/"|\<i+i j,^ j/ Izl 

|P../.(x,y)|<2.3'^(L_^) P|eW.|(x,y)<2'^+^.3'^(iiL) P,„,„,(x,y). 

It remains to use ||P|gi2/n| (x, •)||^i(5d-i) = 1. □ 
Let S'(M) be the Schwartz space. To prove (|8.ip . write 

(8.3) ® (^) = / 

R 

where ■0 G S{M.) is the Fourier transform of some C§° extension of 8 to the entire 
real hue. 

Using the Stokes formula, we can rewrite the last integral as 

Im2>0 

where is any reasonable extension of ip to the upper half-plane. To make this 
representation useful, we shall need the following lemma: 

Lemma 9. For any ijj e 5(R) there exists an extension ^(z), Imz > 0, ^'|r(x) = 
such that 



J l^*^")|(i!i)'^'^^(")<°^- 



lmz>0 

Let us first show that LemmalDgives |jAf^||Lp^Lp < oo. Indeed, using 



can calculate the kernel Kn of the operator 

/ca 
d-^{z)^e''"'/''HldA{z). 
J, n 



lmz>0 ^-'^ 



Now note that 



So, 



OO „ 

j P^„/„(x,y)/(y)da(y). 



k—Q gd-i 



Kn = 2i J a*(z)Pg„/„dA(z). 



Im 2>0 

Since ||i^„(x, •)||li(S''-i) < C"; we have ||Ji^n(-, y)||Li(S''-i) < C' by symmetry. Now 
n]) follows from the Schur test. 
Let us now prove Lemma M ■ 
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Proof. We define 

d+l 

^{x + iy) = v{y)^o{x + iy), *o(a; + %) = X] i^^''\x){iyf /k\, 

fe=0 

where r/ : [0,oo) — >■ [0,1] is infinitely differentiable, r}{y) = 1 for < y < 1, and 
'q{y) = for y > 2. Observe that 

\2d^{x + iy)\ = \{d/dx + id/dy)^{x + iy)\ < 

\Mx + iy)\\v'{y)\ + \v{y)\ i^^''+^\x){iyY+'i{d + 1)! . 



Hence, 



<2 j \<l>a{x + iy)\\z\'^+^dA{z)+ 



Iin2>0 Imz<2 



j \'^(''+^\x)\\z\''+^dA{z)<C, 



{d + 

Imz<2 

and we are done, since tp G S{R). □ 
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